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AUTOMORPHISMS OF CURVES AND WEIERSTRASS SEMIGROUPS
SOTIRIS KARANIKOLOPOULOS AND ARISTIDES KONTOGEORGIS
ABSTRACT. The relation of the Weierstrass semigroup with several invariants of a curve
is studied. For Galois covers of curves with group G we introduce a new filtration of the
group decomposition subgroup of G. The relation to the ramification filtration is investi-
gated in the case of cyclic covers. We relate our results to invariants defined by Boseck and
we study the one point ramification case. We also give applications to Hasse-Witt invariant
and symmetric semigroups.
1. INTRODUCTION
LetX be a projective nonsingular curve of genus g ≥ 2 defined over an algebraic closed
field k of characteristic p > 0. Let G be a subgroup of the automorphism groupAut(X) of
X and let G(P ) be the subgroup of automorphisms stabilizing a point P on X . Consider
also the Weierstrass semigroup attached at the point P . In characteristic zero there are
results [29] relating the structure of the Weierstrass semigroup at P to the subgroupG(P ).
In this paper we will try to prove analogous results in the positive characteristic case.
It turns out that there is a close connection of the automorphism group, the Weierstrass
semigroup and other invariants of the curve like the rank of the Hasse-Witt matrix. Aim
of this article is to show how various invariants of a curve are encoded in the Weierstrass
semigroup.
Section 2 is devoted to connections of the theory of decomposition groups G(P ) to the
theory of Weierstrass semigroups. Both the theory of the Weierstrass semigroups and the
decomposition groups G(P ) are more difficult when p > 0. In characteristic zero it is
known that G(P ) is always a cyclic group, while when p > 0 and p divides |G(P )| the
group G(P ) is no more cyclic and admits the following ramification filtration:
G(P ) = G0(P ) ⊃ G1(P ) ⊃ G2(P ) ⊃ . . . ,
Recall that the groupsGi(P ) are defined as Gi(P ) = {σ ∈ G(P ) : vP (σ(t)− t) ≥ i+1},
for a local uniformizer t at P and vP is the corresponding valuation. Notice that G1(P ) is
the p-part of G(P ). For every point P of the curveX we consider the sequence of k-vector
spaces
k = L(0) = L(P ) = · · · = L((i− 1)P ) < L(iP ) ≤ · · · ≤ L((2g − 1)P ),
where
L(iP ) := {f ∈ k(X)∗ : div(f) + iP ≥ 0} ∪ {0}.
We will write ℓ(D) = dimk L(D). An integer i will be called a pole number if there is
a function f ∈ k(X)∗ so that div∞(f) = iP or equivalently ℓ
(
(i − 1)P
)
+ 1 = ℓ
(
iP
)
.
The set of pole numbers at P form a semigroup H(P ) which is called the Weierstrass
semigroup at P . It is known that there are exactly g pole numbers that are smaller or equal
to 2g− 1 and that every integer i ≥ 2g− 1 is in the Weierstrass semigroup, see [40, I.6.7].
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Remark 1. In characteristic zero for all but finite points (the so called Weierstass points),
the generic situation for the gaps at P is the set {1, . . . , g}. This is not correct in positive
characteristic, where the generic set of gaps might be different than the set {1, . . . , g}.
Remark 2. The Weierstrass semigroup seems to be defined locally at a given point P . But
the condition on the existence of function with only pole at P is a global condition and lot
of global invariants like the genus or the Hasse-Witt matrix [41] are encoded in it.
In section 2.1 we recall the relation of the representation of the p-part of the decompo-
sition group into the Riemann-Roch spaces introduced in [20]. In section 2.2 we introduce
the representation filtration that shares many properties with the ramification filtration and
affects the structure of the Weierstrass semigroup. In propositions 21 and 22 we charac-
terize the jumps of the representation filtration in terms of the Weierstrass semigroup and
in terms of the intermediate field extensions. Valentini and Madan [46, lemma 2] did a
similar computation for the gaps of the ramification filtration for cyclic groups using the
theory of Witt vectors, see [45],[35].
Section 2.3 is devoted to the description of the Weierstrass semigroup when G1(P )
is a cyclic group. This is an important case to understand, because of its simplicity and
because of Oort conjecture regarding the deformation of a curve with automorphisms from
characteristic p to characteristic 0. These results should be seen as the characteristic p
analogon of the work of Morrison-Pinkham [29] on Weierstrass semigroups for Galois
Weierstrass points.
In section 2.4 we still study the semigroups that can appear in the cyclic group case but
using the Boseck invariants. These are invariants that were first introduced by Boseck in
[4] in the study of basis of holomorphic differentials of curves that are cyclic extensions
of the rational function fields. Boseck in his very important and interesting article studied
the Weierstrass semigroups in this case. Unfortunately, he didn’t notice that there is one
case that needs more attention, namely the case of a cover where only one point is ramified
and the prime number is “small”. What we mean by small will be clear in the sequel. For
example for the case of Artin-Schreier curves small means that the characteristic is smaller
than the conductor. The same problem is now in several places in the literature like [6,
p.235 remark (i)], [44, p. 170 in first 3 lines], [7, p. 3028, remark (i)]. For the special case
of Artin-Schreier extension the correct treatment is the one in lemma 40.
The curves that appear as covers of the projective line with only one ramified point are
very interesting. This is because curves with large automorphisms groups appear this way
[38] and because of the Katz-Gabber compactification of local actions [18, Thm 1.4.1],[12,
Cor. 1.9].
In section 3 we study the maximal gap in the semigroup and we give bounds for it,
in terms of several invariants of the curve. When this maximal gap equals to 2g − 1
at some point P , then the Weierstrass semigroup is called symmetric and that point is a
Weierstrass point, proposition 50. The existence of a single point in the curve that has a
symmetric Weierstrass semigroup determines the genus of the curve, proposition 50. Many
well known examples of curves enjoy that property. In particular, we determine the cyclic
totally ramified coverings of the rational function field with this symmetric Weierstrass
semigroups in lemmata 44 and 45
Section 4 is devoted to the dependence of the Cartier operator and the Hasse-Witt in-
variant to the theory of Weierstrass semigroups. We give some results about big actions,
lemma 18, corollary 56 and characterize some non classical curves with respect to the
canonical linear series and nilpotent Cartier operator, corollary 57. We also characterize
all the maximal curves over Fq2 with two generators for the Weierstrass semigroup at a
Fq2–rational point, as curves with symmetric Weierstrass semigroups at this point, remark
59. Finally we study further the connection between symmetric Weierstrass semigroups
and maximal curves.
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2. DECOMPOSTION GROUPS Gi(P )
2.1. Ramification Groups.
Proposition 3. If g ≥ 2 and p 6= 2, 3 then there is at least one pole number m ≤ 2g − 1
not divisible by the characteristic p. Let 1 < m ≤ 2g − 1 be the smallest pole number not
divisible by the characteristic. There is a faithful representation
(1) ρ : G1(P )→ GL
(
L(mP )
)
Proof. [20, lemmata 2.1,2.2] 
Proposition 4. A basis for the vector space L(mP ) is given by{
1,
ui
tmi
,
1
tm
: where 1 < i < r, p | mi and ui are certain units
}
.
With respect to this basis, an element σ ∈ G1(P ) acts on 1/tm by
σ
1
tm
=
1
tm
+
r∑
i=1
ci(σ)
ui
tmi
.
The action on the local uniformizer is given by
(2) σ(t) = t− 1
m
r∑
i=1
ci(σ)uit
m−mi+1 + · · · ,
and this implies
Proposition 5. Let P be a wild ramified point on the curve X and let
ρ : G1(P )→ GLℓ(mP )(k)
be the corresponding faithful representation we considered in Lemma 3. Let m = mr >
mr−1 > · · · > m0 = 0 be the pole numbers at P that are ≤ m. If Gi(P ) > Gi+1(P )
then i = m−mk, for some pole number mk.
Remark 6. Notice that in this article we enumerate the pole numbers in terms of an in-
creasing function i 7→ mi. In [20] the enumeration is in terms of a decreasing function.
2.2. Jumps in the ramification filtration and divisibility of the Weierstrass semigroup.
Consider a Galois cover π : X → Y = X/G of algebraic curves, and let P be a fully ram-
ified point of X . How are the Weierstrass semigroup sequences of P , and π(P ) related?
Lemma 7. Let k(X), k(Y ) = k(X)G denote the function fields of the curves X and Y
respectively. The morphisms
NG : k(X)→ k(Y ) and π∗ : k(Y )→ k(X),
sending f ∈ k(X) to NG(f) =
∏
σ∈G
f and g ∈ k(Y ) to π∗g ∈ k(X) respectively,
induce injections
NG : H(P )→ H(Q) and π∗ : H(Q)
×|G|
−→ H(P ),
where Q := π(P ).
Proof. For every element f ∈ k(X) such that (f)∞ = mP , the element NG(f) is a G-
invariant element, so it is in k(Y ). Moreover, the pole order of NG(f) seen as a function
on k(X) is |G| · m. But since P is fully ramified the valuation of NG(f) expressed in
terms of the local uniformizer at π(P ) is just −m.
On the other hand side an element g ∈ k(Y ) seen as an element of k(X) by considering
the pullback π∗(g) has for the same reason valuation at P multiplied by the order ofG. 
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Remark 8. The condition of fully ramification is necessary in the above lemma. Indeed,
if a point Q ∈ Y has more than one elements in π−1(Q) then the pullback of g, such
that (g)∞ = mQ, is supported on π−1(Q) and gives no information for the Weierstrass
semigroup of any of the points P ∈ π−1(Q).
We will prove the following:
Lemma 9. If an element f such that (f)∞ = aP is invariant under the action of a sub-
group H < G1(P ), then |H | divides a.
Proof. Write f = u/ta in terms of a local uniformizer t at P and a unit u. Since f
is invariant it is the pullback of a function g ∈ k(X/H). If t′ is a local uniformizer at
Q = π(P ) then g is expressed as g = u′/t′b. Since t′ = t|H|v for some unit v, [14, IV
2.2c] the desired result follows. 
Definition 10. Let 0 = m0 < m1 < m2 < . . . < mr be the sequence of pole numbers up
to mr. For each 0 ≤ i ≤ r we consider the representations
ρi : G1(P )→ GL(L(miP )).
We form the decreasing sequence of groups:
(3) G1(P ) = kerρ0 ⊇ kerρ1 ⊇ kerρ2 ⊇ · · · ⊇ kerρr = {1}.
We will cal this sequence of groups “the representation” filtration.
Let σ ∈ kerρi. Then ρi+1(σ) has the following form
ρi+1(σ) =


1 0 0 · · · 0
0 1 0 · · · 0
.
.
. 0
.
.
.
.
.
.
.
.
.
0 · · · 0 1 0
ai+1,1(σ) ai+1,2(σ) · · · ai+1,i(σ) 1


.
Observe also that all functions ai+1,ν : kerρi → k are group homomorphisms into the
additive group of the field k. Notice that
kerρi+1 = kerρi ∩
i⋂
ν=i+1
kerai+1,ν .
Lemma 11. The linear series |m1P | = P(L(m1P )) defines a mapX → P1 of degreem1.
This gives rise to an algebraic extension F/k(f1) of degreem1, where (f1)∞ = m1P . Let
F denote the function field of the curve X . The extension F/k(f1) is Galois if and only if
m1 = | kerρ1|, and in this case the Galois group is kerρ1.
Proof. Observe thatF ⊇ F ker ρ1 ⊇ k(f1). Notice that the degree of the extensionF/k(f1)
is m1 therefore if | kerρ1| = m1 then k(f1) = F ker ρ1 .
Assume now that the extensionF/k(f1) is Galois with Galois groupA. Since F ker ρ1 ⊇
k(f1) = F
A we have that A ⊇ ker ρ1. By definition A = {σ ∈ G1(P ) : σ(f1) = f1} ⊆
ker ρ1. 
Remark 12. In characteristic zero a point P such that the covering map X → P1 in-
troduced by the linear system |m1P | is Galois, is called Galois Weierstrass point. The
Weierstrass semigroup at a Galois Weierstrass point in characteristic zero is now well un-
derstood, [29]. Notice that in positive characteristic the condition m1 ≤ g does not imply
that P is a Weierstrass point, since the canonical linear system might be non classical.
In section 2.3 we will restrict ourselves to cyclic totally ramified extensions of order pn,
n ≥ 2 and then P is a Weierstrass point according to theorem 2 in [45].
Lemma 9 can be generalized as follows:
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Proposition 13. The order |kerρi| of the group kerρi divides mν , for all ν ≤ i.
Proof. This comes out from lemma 9 since the elements fi such that (fi)∞ = miP are by
definition ker ρi-invariant. 
We recall the following definition:
Definition 14. Given a finite group G the Frattini subgroup Φ(G) is defined to be the
intersection of all proper maximal subgroups of G. If G is a p-group then the Frattini
group is Φ(G) = Gp[G,G], and is the minimal normal subgroup N of G such that G/N
is elementary abelian.
Consider the first pole number m1 in the Weierstrass semigroup and a function f1 such
that (f1)∞ = m1P . The image of the representation
ρ : G1(P )→ GL(L(m1P ))
is an elementary abelian group since the representation is 2-dimensional, therefore the
commutator and the Frattini subgroup of G1(P ) are in the kernel of ρ. This combined with
lemma 9 gives us the following
Lemma 15. The order |Φ(G)| of Φ(G) divides the first pole number.
Example 16. In the work of C. Lehr, M. Matignon [23] a notion of big action is defined.
Curves having a big action were studied further by M. Rocher and M. Matignon [28],[33].
A curve X together with a subgroup G of the automorphism group of X is called a big-
action if G is a p-group and
|G|
g
>
2p
p− 1
.
All big actions have the following property [23]:
Proposition 17. Assume that (X,G) is a big action. There is a unique point P of X such
that G1(P ) = G, the group G2(P ) is not trivial and strictly contained in G1 and the
quotient X/G2(P ) ∼= P1. Moreover, the group G is an extension of groups
0→ G2(P )→ G = G1(P )
π
−→ (Z/pZ)v → 0.
Since the curve X/G2(P ) is of genus zero, the Weierstrass semigroup equals the semi-
group of natural numbers, therefore |G2(P )| · Z+ is a subsemigroup of the Weierstrass
semigroup at the unique fixed point P .
Lemma 18. Let (X,G) be a big action. The smallest non trivial pole numberm1 in H(P )
is |G2(P )|.
Proof. Let f1 be the function in the function field k(X) such that (f1)∞ = m1P . By [28]
kerρ1 = G2(P ) and the result follows by lemma 11. 
Theorem 19. Let F0 be an algebraic function field of genus g, defined over an alge-
braically closed field k of characteristic p > 0. Select a place P0 of F0 and consider
an Artin-Schreier extension F/F0 given by F = F0(y), yp
h
− y = G, where vP0(G) =
−m < 0, (m, p) = 1. We also assume that G has no other poles at other places of F0. Let
P be the unique place of F that lies above P0. Assume that the set of gaps of F0 at P0 are
given by
G (P0) =
{
{1 = h1 < h2 < · · · < hgF0 ≤ 2gF0 − 1}, if gF0 ≥ 1
∅, if gF0 = 0 .
Then the gaps G (P ) at P are given by
G (P ) =
ph−1⋃
i=1
Ai,
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with
Ai =
{
mi− jph : 1 ≤ j ≤
⌊
mi
ph
⌋}⋃{
mi+ phhj : j = 1, 2, . . . , gF0
}
.
Proof. This is combination of theorems 1 and 5 of Lewittes, in [25]. Keep in mind that
we are working over an algebraically closed field, therefore all places have degree 1. Also
Lewittes proves his theorem for the more difficult case k = Fq but the proof over an
algebraically closed field is the same and even simpler. 
Remark 20. The numbers m, ph are always pole numbers, since it is not possible to ex-
press them as a gap given by theorem 19. This means thatmZ++phZ+ is always included
in H(P ). If the genus of F0 is not 0, then the inclusion mZ+ + phZ+ ⊆ H(P ) can be a
strict inclusion, see remark 25.
Proposition 21. If i is a jump for the representation filtration, i.e., kerρi ! kerρi+1, then
mi+1 6∈ 〈m1, . . . ,mi〉Z+ . Also the number of jumps in the representation filtration equals
the minimal number of generators of H(P ) up to mr.
Proof. Let fi be elements in the function field of the curve such that div∞(fi) = miP .
Let f1 be the first such function with a unique pole at P of order m1.
Suppose first that m2 = 2m1,m3 = 3m1, . . . ,mν = νm1 are the first ν pole numbers.
Then a basis for the spaceL(mνP ) consists of {f1, f21 , . . . , fν1 } and it is clear that ker ρ1 =
ker ρ2 = · · · = ker ρν .
Now we treat the general case. If mi+1 is in the semigroup 〈m1, . . . ,mi〉Z+ generated
by all m1, . . . ,mi then mi+1 =
∑
νi∈Z+
νimi and
fi+1 =
∏
νi∈Z+
fνii .
This implies that ker ρi+1 = ker ρi. 
The next proposition characterize exactly the jumps of the representation filtration:
Proposition 22. Denote by Xi the curve X/ kerρi and by Fi the corresponding function
field. Supose that X1 = P1 and F1 = k(f1). The jumps at the representation filtration
appear exactly at i such that Fi 6= Fi+1. Moreover if i1, i2, . . . , in are the jumps of the
representation filtration then for all ℓ, with 1 ≤ ℓ ≤ n we have Fiℓ = k(f0, fi1 , . . . , fiℓ),
i.e. the jumps appear exactly at the integers i such that the function fi corresponding to the
pole number mi gives rise to an element that can not be expressed as a rational function
of fν , ν < i.
Proof. We have the following picture
G1(P ) = kerρ0 ⊇ kerρ1 ⊇ . . .kerρi . . . ⊇ kerρr = {1}
for the representation filtration and the strict inclusion holds for a subscript i only when
i ∈ {i1, . . . in}. In general r + 1 ≥ n with equality holds if all pole numbers up to mr are
generators, or equivalently when all the inclusions above are strict. We also have
X/G1(P )OO

// X/kerρ1OO

// . . . X/kerρi . . .OO

// XOO

F0 := F
G1(P )
r ⊆ F1 := k(f1) ⊆ Fi ⊆ Fr
Q0 Q1 Qi P
where the first line corresponds to coverings, the second to function fields and the last to
their totally ramified places.
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Notice that ker ρr = ker ρ = {1} therefore Fr is the function field of the curve X .
Notice also that since F1 is rational F0 = FG1(P )r ⊆ F1, is also rational.
Let Qi be the restriction at the intermediate fields Fi of the place P of Fr. We will
denote be HFi(Qi) the Weierstrass semigroup of the field Fi at the place Qi. We have
assumed that F1 = k(f1) is a rational function field and thus the semigroup of P1 is
HF1(Q1) = Z+. This gives us that | kerρ1|Z+ ⊂ HFr(P ).
There are now two cases: Either the groupG1(P ) acts trivially on f1 therefore ker ρ1 =
G1(P ), or the groupG1(P ) might act on f1 by translations (this is the only possible Galois
action of a p-group on a rational function field see [44]). The function field generator
of F0 gives rise to pole numbers that are multiplies of |G1(P )|. Since | ker ρ1| divides
|G1(P )| all pole numbers coming from the function field generator of F0 are already in
| ker ρ1|Z+ ⊂ HFr(P ). Notice that 0 is a jump in the representation filtration only if f1 is
not G1(P )-invariant. In that case F0(f1) = F1.
Suppose that 1 is the first jump of the representation filtration, i.e. take i1 = 1. We
proceed to the first mi1 such that mi1 6∈ | kerρ1|Z+, i.e. we choose the minimal mi with
the property that | kerρ1| ∤ mi for 1 < i. This means that the element fi1 is not ker ρ1-
invariant and ker ρ1 ) ker ρi1 , i.e. the first jump in the representation filtration appears
at the first mi1 that is not in | kerρ1|Z+. The extension Fi1/F1 is elementary abelian with
Galois group ker ρ1/ kerρi1 . The element fi1 is not an element in F1 since every element
in F1 is ker ρ1-invariant.
Suppose now that i1 6= 1. Then ker ρ0 = kerρ1 = · · · = ker ρi1 , with mν ∈
| ker ρi1 |Z+ for all ν ≤ i1. We choose mi2 minimally such that mi2 6∈ | ker ρi1 |Z+, i.e.
| ker ρi1 | ∤ mi2 . This means that the corresponding funtion fi2 is not ker ρi1 -invariant and
ker ρi1 ) ker ρi2 . Notice that F0 = F1 = · · · = Fi1 . The extension Fi2/Fi1 = Fi2/F1 is
elementary abelian with Galois group ker ρi1/ kerρi2 , but the element fi2 is not an element
in Fi1 since it is not kerρi1 -invariant.
The result is proved the same way going up step by step in terms of Artin-Schreier
extensions. 
Remark 23. The extensions Fiν+1/Fiν can be described as an Artin-Schreier extensions.
For example if ν = 1, with i1 6= 0, we have Gal(Fi1+1/F1) = ⊕hZ/pZ for each cyclic
direct summand of Gal(Fi1+1/F1). Notice that F0 = F1 = · · · = Fi1 . Then, for the
action of σ ∈ ⊕hZ/pZ on fi1+1 we have:
σℓ(fi1+1) = fi1+1 +
∑
0≤µ≤i1
cµ(σ)fµ,
and cµ(σ) ∈ k. We have that
∑
0≤µ≤i1
cµ(σ)fµ is ker ρ1-invariant. Thus, we set
(4) Yi1+1 =
fi1+1∑
0≤µ≤i1
cµ(σ)fµ
,
and observe that
σℓν(Yi1+1) = Yi1+1 + ℓ.
This gives us that Yi1+1 is a set of Artin-Schreier generators for the extension Fi1+1/F1
and the elements Yi1+1 satisfy equations of the form Y
p
i1+1
−Yi1+1 = ai1 for some element
in ai1 ∈ F1 = Fi1 . But actually we need only one extra generator fi1+1 in order to express
Fi1+1 = k(f1, fi1+1).
Remark 24. Observe that Artin-Schreier extension given by eq. (4) introduces more ram-
ification primes. Indeed, every zero of the quantity
∑
0≤µ≤i1
cµ(σ)fµ is a ramified prime
in the extension Fi1+1/Fi1 . Also the valuation of Yi1+1 at the prime P in question is
vP (Yi1+1) = vP (fi1+1)− vP (
∑
0≤µ≤i1
cµ(σ)fµ).
Remark 25. It seems natural to ask the following question: LetL/K be a Galois extension
with Galois group a p-group. Let P be a wild, totally ramified place of L. If a pole number
8 SOTIRIS KARANIKOLOPOULOS AND ARISTIDES KONTOGEORGIS
in H(P ) is divisible by p, is it true that the corresponding element f ∈ L is Gal(L/K)-
invariant? The answer to this question is negative as one sees by the following example:
Consider the totally ramified elementary abelian extension of the rational function field
given by the two Artin-Schreier extensions:
yp1 − y1 = f1(x), y
p
2 − y2 = f2(x),
where fi(x) ∈ k[x] for i = 1, 2. Consider the Z/pZ-extensions of K1 := k(x, y1),K2 :=
k(x, y2) of the rational function field. In those extensions only the infinite place∞ of k(x)
is ramified. Moreover it is known [39, Korollar 1] that the Weierstrass semigroups at the
places of Ki that are above ∞ are pZ+ + miZ+ respectively where mi = deg fi. We
have the following tower of fields and corresponding semigroups:
k(x, y1, y2)
Z
pZ
Z
pZ
MM
MM
MM
MM
MM
H(P )
PP
PP
PP
PP
PP
PP
P
k(x, y1)
Z
pZ
k(x, y2)
Z
pZqq
qq
qq
qq
qq
pZ+ +m1Z+ pZ+ +m2Z+
nn
nn
nn
nn
nn
nn
nn
k(x) Z+
Therefore, the Weierstrass semigroupH(P ) of the place P of k(x, y1, y2) that is above∞,
has p2Z+ + pm1Z+ + pm2Z+ as a subsemigroup. We have div∞(yi) = pmi but y2 is
not in k(x, y1), i.e., it is not Gal(k(x, y1, y2)/k(x, y1))-invariant. Suppose that m1 < m2.
Recently, [49] and [1] showed that the jumps of the ramification filtration occur at m1 and
at m1 + p(m2 −m1).
The situation changes for the case of cyclic extensions of the rational function field as
will see in the next section.
2.3. Cyclic totally ramified Galois extensions of function fields. We will need the fol-
lowing:
Proposition 26. Let Lm be a cyclic extension of the rational function field L0 = k(x)
of degree pm. Assume also that every ramified place in the extension Lm/L0 is ramified
completely. Then
(1) there is a unique tower of intermediate fields
k(x) = L0 ⊂ L1 ⊂ · · · ⊂ Lm−1 ⊂ Lm
such that [Lj : Lj−1] = p and this extension is given in terms of an Artin-Schreier
extension
Lj = Lj−1(yj) : y
p
j − yj = Bj ,
where Bj ∈ Lj−1 has the following property (standard form):
divBj = A−
∑
i
λi,jPi,j−1,
with A prime to the pole divisor of Bj and λi,j is either zero or a positive integer
prime to the characteristic p. Actually the integers λi,j are equal to the valuations
−λi,j = vPi,j−1 (Bj) = vPi,j (yj). In the above notation we are using the notation
of [27], namely in Pi,j the index j indicates that this prime is a prime of the field
Lj , while the index i shows that lies above the i-th prime of L0 that ramifies.
Moreover
(2) The elements yα11 yα22 · · · yαmn form a basis of Lm over L0, where 0 ≤ αi < p.
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(3) For every ramified place P in Lm/L0 and integer a ∈ N we have the decomposi-
tion:
L(aP ) =
⊕
0≤a1,...,am<p
(
L(aP ) ∩ yα11 y
α2
2 · · · y
αm
m k(x)
)
,
where yα11 y
α2
2 · · · y
αm
m k(x) denotes the 1-dimensional k(x)-vector space gener-
ated by yα11 y
α2
2 · · · y
αm
m .
Proof. Part (1) is theorem 2 in [27], part (2) is lemma 3 in the same article and part (3) fol-
lows by observing that the divisor a−1 on page 311 can be replaced by any Gal(Lm/L0)-
invariant divisor. 
Definition 27. We will denote by G(i) the subgroup of G1(P ) of order pm−i.
Proposition 28. Fix a place Pi0,0 of the rational function field L0 that ramifies totally
in the extension Lm/L0. Then the set of places Pi0,j of Lj that are above Pi0,0 will be
denoted by Pj and λj = λi0,j , 1 ≤ j ≤ m.
Let HLj (Pj) denote the Weierstrass semigroup at the place Pj of the function field Lj .
We have:
(5) HLj (Pj) ⊆ pjZ+ + pj−1λ1Z+ + · · ·+ λjZ+,
In particular
HLm(Pm) ⊆ p
mZ+ + p
m−1λ1Z+ + · · ·+ λmZ+
If moreover Pi0,0 is the only place that ramifies in the extension Lm/L0 then the above
inclusions are equalities.
Proof. Assume that µ < j and let yµ the generator of Lµ over Lµ−1. Observe that on
the function field Lj we have vPj (yµ) = −pj−µλµ. According to prop. 26 part (3) every
element in ∪ν≥1L(νPm) comes from an element of the form yα11 y
α2
2 · · · y
αm
m f(x) and
these valuations at Pm form the semigroup pmZ++pm−1λ1Z++ · · ·+λmZ+. Therefore
HLm(Pm) ⊆ p
mZ+ + p
m−1λ1Z+ + · · ·+ λmZ+.
We don’t know if the elements yi have other poles so they may not be in L(κPm) for
some integer κ. But if there is only one ramified point then the pole divisors of yi is
supported only at Pm and λipm−i is in the semigroup. 
Using the description of Lm we are able to see the following
Proposition 29. If Gal(Lm/L0) is cyclic of order pm and H(P ) is the Weierstrass semi-
group at a totally ramified point P of Lm, and div∞(f) = aP for an integer a such that
pκ | a then f is in Lm−κ, i.e. f is fixed by the unique subgroup of Gal(Lm/L0), of order
pκ.
Proof. Using the valuation of elements of the form yα11 yα22 · · · yαmm we see that if pκ |
a then f is a L0 linear combination of elements yα11 y
α2
2 · · · y
αm
m with αm = · · · =
αm−(κ−1) = 0 that are in Lm−κ. 
In eq. (5) we introduced the sequence of numbers λ1 < λ2 < . . . corresponding to
the valuations of the generating elements yi of the field Lm. Is there any relation to the
sequence m1 < m2 < . . . of pole numbers? What is the relation with the jumps of the
representation filtration?
Assume that the jumps of the representation filtration appear at the integers j1, j2, . . . , jn,
i.e. ker ρji > ker ρji+1 for all i = 1, . . . , n. We have the following:
G1(P ) = kerρ1 = ker ρ2 = · · · = ker ρj1 > ker ρj1+1 = · · · = ker ρr = {1}.
Notice that the kernel of ρr is trivial since ρr is a faithful representation by proposition 3.
Observe that the number of jumps in both the representation and the ramification filtrations
is the same, since in both filtrations the elementary abelian quotients at indices where a
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jump occur, are just cyclic groups of order p, therefore m, the number of jumps in the
ramification filtration, equals n, the number of jumps in the representation filtration. The
jumps at the representation filtration occur at j1, j2, . . . , jn, and ker ρjν = G(ν).
Let jν be an index such that G(ν) = ker ρjν ! ker ρjν+1 = G(ν + 1). Since we are
in the cyclic group case we have ker ρjν/ kerρjν+1 ∼= Z/pZ. Let σ be a generator of the
later quotient. We can write the action on fjν+1 as
σfjν+1 = fjν+1 +
∑
µ≤jν
cµ(σ)fµ.
Since all fµ, µ ≤ jν are σ-invariant the element
(6) Yjν+1 =
fjν+1∑
µ≤jν
cµ(σ)fµ
is acted on by σ as σYjν+1 = Yjν+1 + 1, and it is an Artin-Schreier generator of the
extension Fjν+1/Fjν .
Definition 30. Consider a tower F = Fn ⊇ Fn−1 ⊇ · · · ⊇ F1 ⊇ F0 of fields. On this
tower of fields we consider the sequence of jumps Fn ! Fjm ! Fjm−1 ! · · · ! Fj1 =
· · · = F0. In the notation of proposition 26 the fields Fjν+1 are just the fields Lν . Fix a
place P of F and let Qi be the restriction of P on the field Fi. Notice that the places Pν of
Lν defined in proposition 26 are equal to the places Qjν+1.
An element fj ∈ Fj can be seen as an element in all fields Fj′ with j′ ≥ j. For j ≥ i
we will denote by 0 > −mj,i the valuation of fi as an element in Fj at the place Qj ,
where the function fi corresponds to the pole number mi of H(P ). We are interested in
the elements fjν+1, i.e. for the indices where a jump occurs in the representation filtration.
Notice that since fjν+1 6∈ 〈fi : i ≤ jν〉 the valuation vQjν+1(fjν+1) is prime to p according
to proposition 29. Therefore the number mjν+1,jν+1 is prime to p and we will denote it by
µν+1.
We compute using eq. (6)
vQjν+1(Yjν+1) = −mjν+1,jν+1 − vQjν+1

∑
µ≤jν
cµ(σ)fµ


= −µν+1 +max{mjν ,µ : cµ(σ) 6= 0}.(7)
Notice that λi,j the valuations of generators yj , of the fields given in the field tower of
proposition 26 part (1), are prime to the characteristic from the standart form hypothesis.
Notice also that there are ν generators Yjν+1. We will abuse the notation and denote with
Yν , 1 ≤ ν ≤ n the generators of the field extension Fjν+1/Fjν . Now, since Yν and yν
are both Artin-Schreier generators their valuation, which is prime to the characteristic
from the discussion above, equals the conductor of the extension and must be equal, thus
the elements Yν and yν have the same valuation at Qjν+1 = Pν . The absolute value of
the valuation computed in eq. (7) equals λν , where λν are the numbers introduced in
proposition 28.
Corollary 31. We keep the notation from definition 30. The valuations λν of the elements
yν at Pjν satisfy λν ≤ µν . Equality holds only if there is only one place P ramified in
extension Fn/F0, i.e., we are in the case of a Katz-Gabber cover with cyclic group of
order pn.
Proof. The inequallity is a direct consequence of eq. (7). If λν = µν then all coefficients
cµ(σ) µ > 0 in eq. (7) are zero, i.e. only the coefficient c0(σ) of the constant function
f0 can be non-zero. Then Yν = fν and there is only one place ramified in the extension
Fν+1/Fν . 
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Proposition 32. Let P be as in definition 30. The jumps of the ramification filtration at P
are exactly at the the integers λν , where λν are the valuations of the elements yν at Pν .
Proof. Observe that by [20, proof. Prop. 2.3], the integer λν equals the lower jump of
the representation filtration ker ρjν/ kerρjν+1 ∼= Z/pZ (keep in mind that in that paper
the enumeration is decreasing). Notice that ker ρjν = G(ν) and ker ρjν+1 = G(ν + 1).
The ramification filtration of G(ν) is given by G(ν)µ = Gµ(P ) ∩ G(ν). Observe that
the groups G(ν) are elements of the ramification filtration therefore there is no need to
consider the upper ramification filtration, in order to relate the ramification filtrations of
G1(P ) and G1(P )/G(ν) [37, corollary after prop 3. IV.1], i.e.,
(G1(P )/G(ν))j = Gj(P )/G(ν).
In the same way we have(
G(ν)
G(ν + 1)
)
j
=
G(ν)j
G(ν + 1)
=
Gj(P ) ∩G(ν)
G(ν + 1)
.
This implies that λν are the jumps of the ramification filtration. 
Example 33. We consider now the case of a a cyclic group extension L/L0 of order pn
with only one full ramified place such that only L0 is rational.
We have the following tower of Z/pZ-cyclic extensions:
L P pnZ+ + p
n−1λ1Z+ + p
n−2λ2Z+ + · · ·+ λnZ+ _

L2 = L
G(2)
Z
pZ
P2 p2Z+ + pλ1Z+ + λ2Z+ _

L1 = L
G(1)
Z
pZ
P1 pZ+ + λ1Z+ _

L0 = L
G1(P ) P0 Z+
The place P is fully ramified in extension L/LG1(P ) and we will denote by Pi the corre-
sponding place of LG(i). The field LG1(P ) is assumed to be rational and has Weierstrass
semigroup Z+. The field LG(1) is an Artin-Schreier extension of LG1(P ) and the Weies-
trass semigroup at P1 has a part pZ+ coming as the semigroup of Z/pZ = G1(P )/G(1)-
invariant elements plus a new non invariant element that is non divisible by p, the λ1Z+
semigroup. The Weierstrass semigroup at P1 is pZ+ + λ1Z+.
The next step is to consider the Weierstrass semigroup of P2. It has a part p2Z++pλ1Z+
coming from theG(1)/G(2) ∼= Z/pZ-invariant elements and also some extra elements that
should contain a semigroup of the form λ2Z+, where (λ2, p) = 1. But eq. (5) gives us that
H(P2) ⊆ p2Z+ + pλ1Z+ + λ2Z+ and since there is a unique ramified place the above
inclusion is actually an equality.
This way we can go all the way up to L and find that the Weierstrass semigroup is given
by
H(P ) = pnZ+ + p
n−1λ1Z+ + p
n−2λ2Z+ + · · ·+ λnZ+.
2.4. Holomorphic differentials in the cyclic totally ramified case. In this section we
are going to use known bases for the space of holomorphic differentials in order to express
the gaps of the Weierstrass semigroups in terms of the Boseck invariants of the curves. In
[17] we have defined Boseck invariants to be the values Γk(m) in definition 34 below and
we expressed the Galois module structure of holomorphic m-polydifferentials in terms of
them. Here we we omit the m from the notation since we are interested only for the m = 1
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case. The motivation for their name was the work of Boseck [4] and in what follows we
will call them the Boseck invariants of the curve.
We assume that F is a cyclic, totally ramified extension of order pn of the rational
function field.
Let k be an integer with p-adic expansion
(8) k = a(k)1 + a(k)2 p+ · · ·+ a(k)n pn−1.
The set wk = y
a
(k)
1
1 y
a
(k)
2
2 · · · y
a(k)n
n , 0 ≤ k ≤ pn− 1 is an k(x)-basis E-basis of F [47]. The
valuations of the basis elements wk are given by
(9) vPi,n(wk) = −
n∑
j=1
a
(k)
j λi,jp
n−j,
where the λi,j are given in proposition 26, part (1).
We denote the ramified places of k(x), with (x − αi), 1 ≤ i ≤ s, since in a ratio-
nal function field every ramified place corresponds to an irreducible polynomial, which is
linear since the the field k is algebraically closed. We set
gk(x) =
s∏
i=1
(x− αi)
νik(1).
Definition 34. For k = 0, 1, . . . , pn − 1, we define
Γk :=
s∑
i=1
νik,
where
(10) νik =
⌊
δi −
∑n
j=1 a
(k)
j λi,jp
n−j
pn
⌋
,
where δi denotes the different exponent δ(Pi,n,µ/(x − αi)) and the 1 ≤ j ≤ n runs over
the intermediate fields in the tower of proposition 26, part 1. Finally
(11) ρ(k)i =
(
δi −
n∑
j=1
a
(k)
j λi,jp
n−j
)
− νik · p
n,
is the remainder of the division of the quantity δi + vPi,n(wk) by pn.
Proposition 35. Let X be a cyclic extension of degree pn of the rational function field.
The set{
ω
(αi)
kν = (x− αi)
ν(k)gk(x)
−1wkdx : 0 ≤ ν
(k) ≤ Γk − 2, 0 ≤ k ≤ p
n − 2
}
forms a basis for the set of holomorphic differentials for a cyclic extension of the rational
function field of order pn.
Proof. We take the basis of [17, Lemma 10], set m = 1 and modify it in order to evaluate
holomorphic differentials in the ramified primes of the extension. The same construction
is given by Garcia in [7, Theorem 2, Claim] where the elementary abelian, totally ramified
case is studied. The proof is identical to the one given there. 
Remark 36. Observe from eq. (10) that if Γk = 0, then νik = 0 for all i = 1, . . . , r and
that could happen only when k = pn − 1 since νik ≥ 0. Thus Γk’s attain the maximum
value when k = 0, i.e Γ0 ≥ Γk, for all 0 ≤ k ≤ pn − 1 and for 0 ≤ k ≤ pn − 2, we have
that ρ(k)i ≤ pn − 2.
We will need the following definition. For more information concerning the theory of
linear series the reader is referred to [42].
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Definition 37. Let D be a linear series of degree d and dimension r, i.e., a linear subspace
of P(L(E)). The linear series can be seen as a set of linear equivalent divisors. We can
form a decreasing sequence
Di(P ) = {D ∈ D : D ≥ iP}.
The sequence of (D , P )-orders is a sequence of integers:
jD0 (P ) < · · · < j
D
r (P ),
such that Dj(P ) ! Dj+1(P ) for all j in the above sequence.
For all but finite points of X the (D , P )-orders do not depend on P . The exceptional
points are called (D , P )-Weierstrass points.
Let ED be the generic (D , P )-order sequence. We will call it the order sequence of the
linear series.
A curve will be called classical with respect to the linear series D if and only if ED =
{0, . . . , r}.
We have the following:
Proposition 38. Let X be a cyclic extension of degree pn of the rational function field. The
gap sequence at the ramified primes Pi that lies over the place (x−αi), with 0 ≤ i ≤ s of
k(x) is given by
G (Pi) =
{
ν(k) · pn + ρ
(k)
i + 1| 0 ≤ k ≤ p
n − 2, 0 ≤ ν(k) ≤ Γk − 2
}
,
where Γk is the Boseck invariant associated to the extension F/k(x).
Proof. This computation is based on the valuation of the elements in the basis of holo-
morphic differentials given in proposition 35. Let ρ(k)i be as in Eq. (11). We denote by
jK(Pi) = j
K the (K,Pi)-orders and K the canonical linear series. By computing the
valuations at Pi of the basis elements given in proposition 35, we are able to compute that
the (K,Pi) orders are given by
(12)
{
ν(k) · pn + ρ
(k)
i | 0 ≤ k ≤ p
n − 2, 0 ≤ ν(k) ≤ Γk − 2
}
.
In the above computation it is essential to notice that for different values of k, ν(k) 0 ≤
k ≤ pn − 2, 0 ≤ ν(k) ≤ Γk − 2 the values ν(k) · pn + ρ(k)i are different, therefore the
valuation of a linear combination of the differentials in proposition 35, is just the minimal
of the valuation of each summand. We know that knowledge of the (K,Pi)’s orders, is
equivalent to the knowledge of the (0, Pi)’s gaps, i.e. the gap sequence at Pi will be given
by jKµ (P ) + 1.
Notice that every element has a different valuation with respect to the place Pi. Notice
also that the dimension of the holomorphic differentials is g the same number as the number
of the gaps. Also the n = 1 case was studied by Boseck in [4, Satz. 17] 
Remark 39. Boseck in his seminal paper [4, Satz 18], where the n = 1 case is studied,
states that as as k takes all the values 0 ≤ k ≤ p− 2 the remainder of the Boseck’s basis
construction ρ(k)i takes all the values 0 ≤ ρ
(k)
i ≤ p−2 and thus all the numbers 1, . . . , p−1
are gaps. This is not entirely correct as we will show in example 42. The problem appears
if there is exactly one ramified place in the Galois extension.
Lemma 40. If all Γk ≥ 2 then all numbers 1, . . . , pn − 1 are gaps. If there are Boseck
invariants Γk = 1, then the set of gaps smaller than pn is exaclty the set {ρ(k)i +1| k : 0 ≤
k ≤ pn − 2,Γk ≥ 2}.
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Proof. Recall that in eq. (11) the elements ρ(k)i were defined to be the remainder of the
division of δi −
∑n
j=1 a
(k)
j λi,jp
n−j by pn. As k runs in 0 ≤ k ≤ pn − 2 the ρ(k)i run in
0, . . . , pn − 2. Indeed, let us define the function
Ψ : {0, . . . , pn − 2} → {0, . . . , pn − 2},
k 7→ ρ
(k)
i .
Since the expressions in eq. (12) are all different the function Ψ is onto.
But the Γk that are equal to 1 have to be excluded since they give not rise to a holomor-
phic differentials in proposition 35, see [17, Eq. (21)] and example 42. 
Remark 41. Notice that elements Γk = 1 can appear only for primes p ≥ λi,j and
only if there is only one ramified place. But in our representation theoretic viewpoint the
interesting case is the one of small primes.
Example 42. We consider the now the case of an Artin-Schreier extension of the function
field k(x), of the form yp− y = 1/xm. In this extension only the place (x− 0) is ramified
with different exponent δ1 = (m+ 1)(p− 1). The Boseck invariants in this case are
Γk =
⌊
(m+ 1)(p− 1)− km
p
⌋
for k = 0, . . . , p− 2.
The Weierstrass semigroup is known [39] to be mZ+ + pZ+. Let us now try to find the
small gaps by using lemma 40. If p < m then all numbers 1, . . . , p − 1 are gaps. If
p > m then m is a pole number smaller than p. Indeed, Γp−2 = 1 and the remainder of the
division of (m+1)(p− 1)− (p− 2)m by p is ρ(p−2) = m− 1. But then ρ(p−2) +1 = m
is not a gap.
Definition 43. In the literature, see Oliveira [31], semigroups H of genus g such the g-th
gap is 2g − 1 are called symmetric.
A semigroup H is called symmetric, because the symmetry is expressed in the semi-
group in the following way
(13) n ∈ H if and only if 2g − 1− n 6∈ H.
Lemma 44. LetX be a cyclic p-group extension of the rational function field with only one
totally ramified point Pi0 . The bigest gap is equal to (Γ0− 2)pn+ ρ(0)+1 = δ− 2pn+1
and the Weierstrass semigroup at that point is symmetric.
Proof. Since there is only one ramified place νi0k = Γk. From remark 36 and proposition
38 we see that the biggest gap is equal to (Γ0 − 2)pn + ρ(0) + 1 = δ − 2pn + 1, where
δ is the different exponent at the unique ramified place and is equal to the degree of the
different. For the last equality keep in mind that Γ0 =
⌊
δ
pn
⌋
and δ = pnΓ0 + ρ(0).
A direct computation with Riemann–Hurwitz formula, shows that
2g − 1 = −2pn + 1 + δ,
hence the semigroup is symmetric. 
Does lemma 44 holds for the general case when we have more than one totally ramified
primes? The answer is no, in general, but the following lemma gives a necessary and
sufficient condition for this.
Lemma 45. Assume that X is as in lemma 44 but now there are s ≥ 2 totaly ramified
places Pi, with 1 ≤ i ≤ s. Let δi denote the different exponent at the prime i. The
semigroup at some ramified place Pi is symmetric if and only if
(14)
∑
i′ 6=i
δi′ = p
n
∑
i′ 6=i
⌊
δi′
pn
⌋
.
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Moreover, let λi,j be the valuations of the genarators of the field extensions given in Propo-
sition 26 part (1). Then eq. (14) holds if and only if λi′ ≡ −1 modpn for all i′ 6= i.
Proof. Fix an i. Then from remark 36 and proposition 38, we see that the biggest gap at
Pi is (Γ0 − 2)pn + ρ(0)i + 1 and using one more time the Riemann–Hurwitz formula, we
see that this gap equals to 2g − 1 is equivalent to the condition
(15) (Γ0 − 2)pn + ρ(0)i + 1 =
s∑
i′=1
δi′ − 2p
n + 1.
Now since Γ0 =
∑s
i′=1
⌊
δi′
pn
⌋
, the left hand of eq. (15) equals to
pn
∑
i′ 6=i
⌊
δi′
pn
⌋
+ δi − 2p
n + 1.
Thus in order eq. (15) to be valid we should have
(16)
∑
i′ 6=i
δi′ = p
n
∑
i′ 6=i
⌊
δi′
pn
⌋
.
The right hand of eq. 16 equals to
∑
i6=i′
(
δi′ − ρ
(0)
i′
)
. Since ρ(0)i′ ’s are by definition non
negatives, eq. 16 holds if and only if
ρ
(0)
i′ = 0⇔ δi′ ≡ 0 modp
n, for every i′ 6= i.
For n = 1, δi′ = (λi′,j + 1)(p − 1) and the above condition is equivalent to λi′,j ≡
−1 modp, for i′ 6= i.
For n > 1, δi′ = (p−1)
∑n
j=1(λi′,j+1)p
n−j (see [47, p.110]), and the above condition
is equivalent to
∑n−1
j=1 (λi′,j + 1)p
n−j ≡
∑n
j=1(λi′,j + 1)p
n−j modpn, for i′ 6= i, or
λi′,j ≡ −1 modpn, for i′ 6= i.

Corollary 46. Let X be as in lemmata 44,45, i.e. assume that there exists a Pi0 that
is totally ramified and that its Weierstrass semigroup is symmetric. Then the Weierstrass
sequence up to 2g, at the place Pi0 that lies over the place (x− αi0 ), is given by
H(Pi0 ) = {2g − 1− a|a ∈ G (Pi0 )},
where G (Pi0 ) is the gap sequence at Pi0 from proposition 38.
Proof. This is a direct consequence of lemmata 44, 45 and eq. (13). 
Remark 47. In the theory of numerical semigroups the following construction is fre-
quently used in order to describe the semigroup [29]: Let d(P ) be the least positive el-
ement of H(P ). All elements µ ∈ {1, . . . , d(P ) − 1} are gaps and for every such µ we
denote by bµ(P ) the minimal element of H(P ) such that bµ(P ) ≡ µ mod d(P ). This
means that bµ(P ) = νµ(P )d(P ) + µ, and νµ(P ) =
⌊
bµ(P )
d(P )
⌋
equals the number of gaps
that are congruent to µ modulo d(P ).
Assume that the smallest pole number is pn and that there is only one ramified place in
the field Fn/F0. Then the integers νµ(P ) in this description of the semigroup are equal
to the Boseck invariants νµ(P ) = ΓΨ−1(µ) − 1 since both integers count the number of
gaps that are equal to ρ(k)i +1 modpn by proposition 38. Notice also that a theorem due to
Lewittes [29, th. 1.3], [24, th. 5] in characteristic zero, has an interpretation for the trivial
group (the prime to p-part of a p-group acting on our curve):
g =
pn−1∑
µ=1
νµ =
pn−1∑
µ=1
(Γµ−1 − 1),
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since g is the trace of the trivial representation on holomorphic differentials and Γµ − 1
counts the number of gaps that are equivalent to µ modulo pn. This is equivalent to the
formula proved in [17, rem. 7] for m = 1.
Proposition 48. We use the notation of theorem 19. Consider an Artin-Schreier cyclic
extension of the rational function field F0, i.e., the Galois group is isomorphic to Z/pZ.
Then for every i there is an integer k(i)with 0 ≤ i, k(i) ≤ p−1, such that
⌊
mi
p
⌋
= Γk(i)−1
for some Boseck invariant.
Proof. According to theorem 19 the number of gaps equivalent to mi modulo p equals⌊
mi
p
⌋
. By remark 47 this number equals to Γk−1 for the k such that ρ(k)+1 = mi modp.

3. SEMIGROUPS
Let H 6= Z+ be a semigroup of natural numbers and suppose that there is a natural
number n such that for all s ≥ n we have s ∈ H . We select the minimal such number
n, i.e. n − 1 6∈ H . Observe that when that semigroup is the Weierstrass semigroup of
a curve, then the genus of the curve and the genus of the semigroup (i.e. the number of
gaps of the semigroup) coincide, and we should have that g + 1 ≤ n ≤ 2g. Let d1 be an
element in H and let d2 be the minimal element in H\d1Z+ such that (d1, d2) = 1. Write
d2 = d1
⌊
d2
d1
⌋
+ u, 0 < u < d1.
Lemma 49. The numbers d1, d2 generate a subsemigroup d1Z+ + d2Z+ ⊂ H , such that
every number s > (d1 − 1)(d2 − 1) is in d1Z+ + d2Z+ ⊂ H . In particular
(17) n ≤ (d1 − 1)(d2 − 1).
If the numbers d1, d2 generate the semigroup H then
(18) n = (d1 − 1)(d2 − 1).
Proof. Write d2 = d1
⌊
d2
d1
⌋
+ u, (u, d1) = 1, 0 < u < d1. In what follows we will
describe the integers which can be written as linear combination with Z+-coefficients of
d1, d2.
By considering elements of the form νd1 + d2 we obtain all elements of the form(
ν +
⌊
d2
d1
⌋)
d1 + u, ν ≥ 0. Let Iλ denote the interval [λd1, (λ + 1)d1). For λ ≥
⌊
d2
d1
⌋
every interval Iλ contains an integer that is equivalent to u modulo d1.
By considering elements of the form νd1 + 2d2 we obtain all elements of the form(
ν + 2
⌊
d2
d1
⌋)
d1 + 2u etc.
In order to obtain an element with arbitrary residue modulo d1 we have to consider all
elements of the form νd1 + µd2, where µ takes all values in 0, . . . , d − 1. Fix such an µ.
We consider the combination
(19)
(
ν + µ
⌊
d2
d1
⌋)
d1 + µu =
(
ν + µ
⌊
d2
d1
⌋
+
⌊
µu
d1
⌋)
d1 +
(
µu−
⌊
µu
d1
⌋
d1
)
.
This proves that for every λ ≥
(
µ
⌊
d2
d1
⌋
+
⌊
µu
d1
⌋)
every interval Iλ contains an integer
that is equivalent to µu modulo d1.
The greatest value for µ is d1 − 1 so for
λ ≥ (d1 − 1)
⌊
d2
d1
⌋
+
⌊
(d1 − 1)u
d1
⌋
= (d1 − 1)
⌊
d2
d1
⌋
+ u− 1.
For this value of µ the coefficient in front of d1 in eq. (19) is (d1 − 1)
⌊
d2
d1
⌋
+ u − 1, and
this means that every natural number≥ d1(d1− 1)
⌊
d2
d1
⌋
+ d1(u− 1) is in H . But now we
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replace d1
⌊
d2
d1
⌋
by d2 − u and we verify that:
(20) d1(d1 − 1)
⌊
d2
d1
⌋
+ d1(u− 1) = (d1 − 1)(d2 − 1) + u− 1.
We now observe that in the interval Id1−2 there is exactly one gap that is equivalent to d1−
u modd1. The value of this gap equals (d1−1)(d2−1)+u−1−u= (d1−1)(d2−1)−1.
Therefore, all numbers greater than this gap are in d1Z+ + d2Z+. This means that
s ≥ (d1 − 1)(d2 − 1)⇒ s ∈ d1Z+ + d2Z2.
Notice that we have proved that (d1−1)(d2−1)−1 6∈ d1Z++d2Z+. IfH = d1Z++d2Z+
then (d1 − 1)(d2 − 1)− 1 is a gap and n = (d1 − 1)(d2 − 1). 
Let mi be the sequence that enumerates the Weierstrass semigroup, m0 = 0 is always
a pole number. Observe that if 2g − 1 6∈ H(P ) then n = 2g. Indeed, we know that
if the function field F is not hyperelliptic then mi ≥ 2i + 1 for i = 1, . . . , g − 2 and
mg−1 ≥ 2g − 2 [42, lemma 1.25]. This means that we have two cases for mg−1, namely
either mg−1 = 2g − 2 or mg−1 = 2g − 1.
Let K be the canonical linear series. Observe that at a generic point P of a K–classical
curve X , we have mi(P ) = g + i, for i ≥ 1. In that case the gaps G (P ) and the generic
order sequence E (P ) are classical and they are equal to
G (P ) = {1, . . . , g} and E (P ) = {0, . . . , g − 1}.
In what follows assume that mg−1 = 2g − 2 at a point P of the curve. Notice that this
condtition implies that the maximum gap at P equals to 2g− 1. Therefore this leads to the
study where the curve must satisfy at least one of the following conditions:
(1) the curve is not K-classical,
(2) P is a Weierstrass point.
In fact there is more to say. A more carefull analisys indicates that if mg−1 = 2g − 2,
then the second condition, i.e. P should be a Weierstrass point, is always satisfied. Indeed,
we distinguish the following cases:
Case1.: The curve X is not K-classical and P is ordinary, meaning that 2g − 1 ∈
G (P ) 6= {1, . . . , g} and
G (P ) = {ǫK0 + 1, . . . , ǫ
K
g−1 + 1} = {ji(P )
K + 1| 0 ≤ i ≤ g − 1}.
Thus, we must have that ǫKg−1 = 2g − 2 = jKg−1(P ); This case cannot occur, see [42,
Lemma 2.31 p.30.], [8].
Case 2.: The point P is a Weierstrass point with respect to K, and X is a K-classical
curve. That is 2g − 1 ∈ G (P ) 6= {1, . . . , g},
G (P ) = {jKi (P ) + 1| 0 ≤ i ≤ g − 1} 6= {ǫ
K
i + 1| 0 ≤ i ≤ g − 1},
where jKg−1(P ) = 2g − 2 but ǫKg−1 = g − 1 6= jKg−1(P ).
Case 3.: The point P is a Weierstrass point with respect to K and the curve X is not
K–classical. That is g − 1 < ǫKg−1  jKg−1(P ).
We have proved the following:
Proposition 50. If a curve has symmetric Weierstrass semigroup at a point P , then this
point is a Weierstrass point. Moreover if the Weierstrass semigroup at this point is gener-
ated by two elements, d1, d2, i.e. when we have equality in lemma 49, eq. (18), the genus
of the curve is given by
g =
(d1 − 1)(d2 − 1)
2
.
If the Weierstrass semigroup at this point cannot be generated by two elements, then
g <
(d1 − 1)(d2 − 1)
2
.
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Example 51. Consider the case of Artin–Schreier curve defined in example 42 or the most
general case
yq − y = f,
(where f is a polynomial of degree m witch is prime to p, and q = ph) have genus g =
(q−1)(m−1)
2 . Therefore, using the theory of Boseck invariants we see that the biggest gap
is
δ − 2q + 1 = (m+ 1)(q − 1)− 2q + 1 = (m− 1)(q − 1)− 1 = 2g − 1,
and n = 2g.
To the same conclusion we arrive using lemma 49. Indeed, it is known [39] that the
Weierstrass semigroup is generated by m, q. Thus n = (q − 1)(m− 1) = 2g.
Observe that certain function fields like the Hermitian function fields and their quotients
yq + y = xm, m | q + 1, q = ph, satisfy 2n = g. Also Matignon-Lehr curves given by
[23, 4.1], are given as Artin-Schreier extensions of the rational function field and satisfy
2n = g. Moreover if k = Fq2 , where Fq2 is a finite field with q2 elements, then Hermitian
and their quotients yq + y = xm, m | q+1, are certain maximal curves and can be viewed
as the Artin-Schreier curves yq−y = f(x), where f(x) ∈ Fq2 [x] and g.c.d.(deg f, p) = 1,
see [11, Theorem 5.4].
Here it is nice to point out the connection of maximal curves with Weierstrass semi-
groups: Assume that X is a maximal curve over Fq2 of genus g. Let X(Fq2) be the set of
all Fq2–rational points of X . Let also P be a point in X(Fq2) and let mi = mi(P ) be a
pole number at P .
Then according to Lewittes, [26, th 1(b)],[5, p.46 ]
#X(Fq2) = N ≤ q
2mi + 1.
Combining the above with the Hasse-Weill bound for a maximal curve, we obtain the
following bound (mi is any pole number)
#X(Fq2) = q
2 + 1 + 2gq ≤ q2mi + 1,
or
g ≤
q(mi − 1)
2
.
If mi = q the above is a result due to Ihara’s, [16] and the equality is obtained when X
is the Hermitian curve. Notice that if P is Fq2 rational point then q, q + 1 are always pole
numbers, [5, proposition 1.5,(iv)].
4. HASSE-WITT MATRIX AND SEMIGROUPS
In [41] K.O. Sto¨hr and P.Viana introduced a completely local construction of the Hasse-
Witt matrix [15]. One of their results that will be useful to us is the following
Proposition 52. Let (aij) be the Hasse-Witt matrix and consider the product
Ar := (aij)(a
p
ij) · · · (a
pr−1
ij )
Let P be any point in the curve in question. For each positive r the rank of the matrix Ar
is larger than or equal to the number of gaps at divisible by pr.
Proof. [41, cor. 2.7] 
Notice that (aij) is dual to the Cartier operator and the matrix Ar corresponds to the
application of r-times of the correspondingp-linear map. For more information concerning
the Hasse-Witt matrix and the Cartier operator we refer to [3]. The rank of Ar equals the
rank of the Cartier Operator.
Also notice that if the rank is zero, then there are no gaps divisible by pr and every
number divisible by pr is a pole number. This can also be seen by different methods, see
[32].
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Remark 53. The p-rank of the Jacobian is the rank of the matrix Ag . Having p-rank zero
does not give us any information about pole numbers since every number greater than 2g
is a pole number. For this notice that for p ≥ 5 we have 2g < pg.
Proposition 54. If a curve has Hasse-Witt matrix zero then every integer divisible by p is
a pole number. This implies that G1(P ) is at most an extension of an elementary abelian
group with a cyclic group of order p.
Proof. If there was a pole numberm such that m < p then G1(P ) is faithfully represented
in L(mP ) and it should be elementary abelian. If p < m, then m1 = p and by lemma
9 we have that ker ρ1 divides p therefore ker ρ1 is either trivial or isomorphic to a cyclic
group of order p. The group G1(P ) is given by a short exact sequence
1→ ker ρ1 → G1(P )→ V → 1
where V is an elementary abelian group. 
Example 55. A classical example of a curve with nillpotent Cartier operator is given by
the Hermitian curve
yp
r
+ y = xp
r+1,
(which is isomorphic to the Fermat curve xpr+1 + ypr+1 + 1 = 0), with Cartier operator
satisfying Cr = 0 [32].
Corollary 56. If X has Hasse-Witt matrix zero, and is a big action then G2(P ) is cyclic
of order p.
Proof. If the first pole number is not divisible by p, then we have a faithful two dimensional
representation of G1(P ) on L(mrP ), so G1(P ) is elementary abelian, therefore bounded
by a linear bound on g [30]. The first pole number is divisible by p since the Hasse-Witt
matrix is assumed to be zero. Also the first pole number is m1 = |G2(P )| by lemma 18.
Thus, G2(P ) is a cyclic group of order p. 
Corollary 57. Let X be a curve of genus g ≥ 2. If the curve X has nilpotent Cartier
operator, i.e., Cℓ = 0, and moreover pℓ ≤ g, then the curve is non-classical with respect
to the canonical linear series. Moreover all curves with zero Cartier operator that are
equipped with an automorphism group that has a wild ramified point and g 6= p − 1,
are non-classical with respect to the canonical linear series with only one hyperelliptic
exception, namely y2 = xp − x.
Proof. Recall that a curve is classical for the canonical divisor if and only if the gap se-
quence for a non Weierstrass point is given by {1, 2, . . . , g}. Proposition 52 implies that
pℓ is a pole number. Since pℓ ≤ g the curve can’t be classical.
Assume now that the curve X has an automorphism group G such that there is a wild
ramified point in the cover X → X/G, and has zero Cartier operator. Therefore ℓ = 1,
and according to [34] the existence of wild ramification forces p−1 ≤ g or the curve is the
hyperelliptic curve y2 = xp−x. For the case p− 1 < g the result follows. We don’t know
what happens for the g = p − 1 case (for small primes, p < 5, these curves are classical
because they satisfy the criterion in eq. (21) below).
The hyperelliptic curve y2 = xp − x is a curve of genus g = (p− 1)/2 and it is also an
Artin-Schreier extension of the rational function field. In [43] it is proved that this curve
has zero Cartier operator. In fact this is the superspecial hyperelliptic curve with the biggest
possible genus (see [2, Theorem 1.2]). It is well known that all the hyperelliptic curves of
arbritrary characteristic are K–classical, [36, Satz 8]. 
Notice that all superspecial hyperelliptic curves X are K–classical and they satisfy the
criterion given in the following equation
(21) p > degK = 2g − 2,=⇒ X is classical with respect to K,
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(see for instance [22, Theorem 15] and [48, prop. 14.2.64, p.561]), since from [2, Theorem
1.2] their genera are upper bounded by p−12 . Moreover when chark = 0 or when eq. (21)
is valid then X is K–classical.
The remarkable fact is that neither of the wild ramified coverings X −→ X/G, with
X being classical or not with respect to the canonical linear series, satisfy equation 21 for
g ≥ 3 (the reader should exclude the hyperelliptic exceptional case considered in corollary
57). This statement follows from the simple facts that for these curves p ≤ g + 1, and
2g − 2 ≥ g + 1 for every g ≥ 3. Keep also in mind that there do not exist non K–classical
curves for g ≤ 3, with only one exception for p = g = 3, see [19].
Remark 58. Corollary 57, restricted to the the world of maximal curves is similar to the
construction [5, proposition 1.7.]. Indeed, from theorem 3.3 in [11], every maximal and
minimal curve over Fq2 , q = pℓ have nilpotent Cartier operator with Cℓ = 0. The small
difference in the lower bound that is given there, pℓ − 1 ≤ g is explained because if X is
classical and g = pℓ − 1 then m1 = pℓ and from [5, proposition 1.5 and the remark just
befor this] this curve should be the Hermitian, that is a contradiction since the Hermitian
curve has genus p
ℓ(pℓ−1)
2 . Observe also that the genus of the nilpotent curves is bounded
by
(22) g ≤ p
ℓ(pℓ − 1)
2
,
where ℓ is the rank of nilpotency [32, th. 4.1].
Remark 59. Combining the results from proposition [5, Proposition 1.10], lemma 49 here,
and [21, theorem 2.5], we get the following:
Consider a maximal curve over Fq2 , with genus g ≥ 2 and the set Σ of Fq2-rational
points such that the Weierstrass semigroup up to q + 1, and hence all the Weierstrass
semigroup, is generated by two integers. Then the Weierstrass semigroup at all points of
Σ is symmetric, i.e. their max gap is always at 2g − 1.
Since q, q + 1 must always be in the Weierstrass semigroup at such a point, this condi-
tion to the numbers of generators, corresponds to the minimum number of generators that
a maximal curve can have. Thus we can rephrase:
The maximal curves over Fq2 with minimal set of generators for their Weierstrass semi-
groups at a Fq2–rational point, have symmetric Weierstrass semigroups at this point.
The next proposition shows that the condition on the number of generators of the Weier-
strass semigroup in a Fq2-rational point is not necessary so that the point has symmetric
Weierstrass semigroup.
Proposition 60. LetXGK be the maximal curve over Fq2 defined in Giulietti–Korchma´ros,
[13]. Then the Weierstrass semigroup at the rational point X∞ is symmetric. This is an
example of curve where the equality in proposition 50 fails.
Proof. We will use the notation from [13]. Let n = ph, p a prime, h ≥ 1 and q = n3.
From [13, equation 10, p. 236], we can write
2gGK − 1 =
3∑
i=1
(
di−1
di
− 1
)
αi
= −α1 + (n
2 − n)α2 + (n− 1)α3,(23)
where α1 = n3 − n2 + n, α2 = n3, α3 = n3 + 1, are the generators of H(X∞), [13,
proposition 5], d0 = 0, d1 = α1, d2 = g.c.d.(α1, α2), and d3 = g.c.d.(α1, α2, α3).
Suppose now that 2gGK − 1 is a pole number. From [13, lemma 5] there are uniquely
determined no negative integers ji, with i = 1, . . . 3 and j1, j2 ≤ n2 − n, j3 ≤ n− 1 such
that
2gGK − 1 = α1j1 + α2j2 + α3j3.
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From eq. 23 this is equivalent to
(j1 + 1)α1 + j2α2 + j3α3 = (n
2 − n)α2 + (n− 1)α3
which shows that j2 = n2 − n, j3 = n− 1, j1 = −1, a contradiction!
From [13, theorem 2], we have that 2gX = (n3 + 1)(n2 − 2) + 2. With an immediate
calculation we show that 2gX < (α1− 1)(α2− 1). Indeed, notice that (α1, α2) = n so we
can not apply lemma 49. However we can show that 2gGK < (α1 − 1)(α3 − 1) since the
right hand of the inequality is greater that (α1−1)(α2−1). Also 2gGK ≤ (α2−1)(α3−1)
since otherwise XGK is Hermitian, a contradiction. 
Remark 61. LetX be the Hermitian, or the Garcia–Stichtenoth curve, [9], or the Giulietti–
Korchma´ros maximal curve over Fq2 , q = ph. In fact these are three of the five known
families of maximal curves over Fq2 (in the sense that every known maximal curve arise
as an Fq2–cover of these curves). The other two families are the Deligne–Lusztig curves
that are Fq2 maximal curves with q being a certain power of three and two respectively
(see [13, introduction]). Then X has symmetric Weierstrass semigroups in a Fq2 rational
point P . The Hermitian and the Garcia–Stichtenoth curves are examples where we obtain
the equality in proposition 50.
Indeed, Hermitian and the Garcia–Stichtenoth curves have symmetric Weierstrass semi-
groups in Fq2 rational points because there are Artin–Schreier curves, thus the Weierstrass
semigroup in a Fq2 rational point is generated by 2 elements. From remark 59, the Weier-
strass semigroup in any rational point is symmetric. For the Hermitian case, we have that
the generators of H(P ) are d1 = q, d2 = q + 1 and thus gH = q(q−1)2 . For the Garcia–
Stichtenoth curve yℓ2 − y = xℓ2−ℓ+1, d1 = ℓ2 − ℓ+ 1, d2 = ℓ2 and gGC = (d1−1)(d2−1)2 ,
[9, theorem 1]. The assertion for the Giulietti–Korchma´ros maximal curve comes from
proposition 60.
Remark 62. Let X be the Hermitian, or the Garcia–Stichtenoth curve, or the Giulietti–
Korchma´ros maximal curve over Fq2 . Denote by P ∈ X the Fq2–rational place where
H(P ) is symmetric and with F its function field. Take G to be a p subgroup of the auto-
morphism group of X . Take the Galois cover π : X −→ X/G and suppose that there is
only one place ramified in that cover. We will prove that the Weierstrass semigroup at P is
symmetric if and only if the Weierstrass semigroup at the point π(P ) is symmetric.
Since every p-group is solvable we can decompose the cover π to a sequence of Artin-
Schreier covers. So it is enough to consider the case of covers of the form F = F0(y)
where
(24) yph − y = f, where f ∈ F0,
and f has a unique pole at the rational place π(P ) of F0, with vP0 (f) = −m < 0.
Then F/F0 is totally ramified at the place P , with P |π(P ). Notice that the conditions of
Lewittes theorem, 19 here, are satisfied. Now we can say the following: Lewittes showed
that if gX/G = 0 then H(P ) is symmetric; If gX/G > 0 and H(π(P )) is symmetric then
H(P ) is symmetric, see [25, p.36 after corollary].
Now we will prove that if H(P ) is symmetric then H(π(P )) is symmetric. According
to Lewittes, theorem 19 here, the max gap in P which equals to 2gX − 1 is given by
2gX − 1 = m(p
h − 1) + phhgX/G
= (m+ 1)(ph − 1) + phhgX/G − p
h + 1
= degDiff + ph(hgX/G − 1) + 1.(25)
Combining eq. (25) and Riemann–Hurwitz formula we should have that hgX/G = 2gX/G−
1, and that means that the Weierstrass semigroup at π(P ) is also symmetric.
Notice that π(P ) is also an Fq2 rational point from the transitivity of the relative de-
grees. Finally notice that all the curves considered by Stichtenoth–Garcia–Xing in [10,
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Section 3, Theorem 3.2] (see also [9, theorem 2, m = 1 case]), have symmetric Weier-
strass semigroups at π(P ).
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